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ABSTRACT: The Kkinetics of gel swelling is theoretically analyzed by considering coupled motions of both
the solvent and the polymer network. This model avoids the two process approach of Li and Tanaka, in
which the solvent motion is indirectly considered. Analytical solutions of solvent and network movement
are found from the collective diffusion equations for a long cylindrical and a large disk gel. For acylindrical
gel, the speed of solvent motion is proportional to —r/(2a) along the radial direction and z/a along the
axial direction, respectively. Here r and z represent radial and axial coordinates, respectively, and a is
the radius of the cylinder. The flow diagram of the solvent is obtained. It is also found that the solvent
motion can be independently derived from Li—Tanaka’s isotropy and continuity conditions without solving
the collective diffusion equations. The swelling behavior is obtained at the gel boundary and also in the

interior of the gel.

I. Introduction

The kinetics of the gel swelling process has attracted
considerable interest in the past decade. Many applica-
tions ranging from controlled drug release to gel actua-
tors are directly related to the swelling kinetics.1=8

A theory of the swelling of gel networks was first
derived from the theory of elasticity by Tanaka, Hocker,
and Benedek (THB).° Tanaka and Fillmore!® employed
that theory to describe the swelling kinetics of spherical
gels, assuming that the shear modulus of the gel is
negligible compared with the osmotic bulk modulus.
Their model led to a relaxation time proportional to the
square of the linear size of the gel and inversely
proportional to the collective diffusion constant of the
network. Later, Peters and Candau''? extended Tana-
ka and Fillmore’s model to long cylindrical and large
disk gels for which the shear modulus cannot be
neglected.

These previous theories all assumed that the motion
of the solvent could be neglected. This assumption,
however, is only true for spherical gels. As first pointed
out by Onuki, the motion of the solvent directly con-
tributes to swelling kinetics.’® Except in the case of
spherical gels, the swelling process changes both the
bulk and shear energy of the polymer network. The
solvent motion helps the system to minimize the total
energy. The motion of the solvent depends strongly on
the geometry of the gel and governs the friction force
and the swelling Kkinetics.

Recently, Li and Tanaka (L—T) presented a theory14-16
of gel swelling kinetics for arbitrary shapes. Instead
of considering directly the motion of both the network
and solvent, they decomposed the swelling process into
two imaginary processes. The first process is a pure
network diffusion process described by a collective
diffusion equation with zero solvent velocity. This
process increases the shear energy of the sample. In
the second process, the solvent moves together with the
network so that the solvent velocity is the same as the
network velocity. This process minimizes the total
energy. The effect of solvent motion is therefore in-
cluded in the second process.
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Although analytical solutions describing the swelling
at the gel boundary have been derived by Li and
Tanaka, it is not easy to visualize the solvent motion
in their approach. Some earlier work has considered
the motion of both the gel network and the solvent,314
and partial progress has been made for long cylindrical
gels. This paper presents a theoretical analysis of the
kinetics of gel swelling and solvent motion by directly
solving the coupled equations of motion for a network
and solvent in the case of long cylindrical and large disk
gels. It is also found that the solvent motion can be
independently derived from L—T's isotropic condition
(minimum shear energy) and continuity condition with-
out solving the coupled collective diffusion equations.

Il. Theory

A. Review of L—T’s Theory. The collective diffu-
sion equation is expressed as

fiu

i Veo (1)

where f is the friction coefficient between the network
and the solvent. u(r, t) is the displacement vector of a
point r in the network from its final equilibrium location
after the gel reaches equilibrium. o is the stress tensor
and is described by’

3

with ujj = (dui/ox; + du;/ax;)/2 where K and u are the bulk
and shear modulus, respectively.

The governing equation for minimizing the shear
energy in L—T's theory* is

OF,, =0 3)

0y = KV-USy, + Zﬂ(uik - lv-uaik) 2)

where Fg, is the shear energy of a gel of arbitrary shape.
The equation states that the change of the total shear
energy in response to any small change in shape under
the constant volume condition should be zero.

For a long cylindrical gel, they obtained the solution

u(r) =AY Ae PR, (g,r) @)

n=
where the coefficients A, are determined by the initial
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conditions. A (=u((a,0)) is defined as the total change
of the radius of the gel. J; is the Bessel function of first
order. a, (=gna) are eigenvalues determined by the
boundary condition. D is the apparent collective dif-
fusion coefficient, which is related to the kinetic process
and determined by

DL D
at 1+ A ®)
au\|(9
o= %)) ®

where the collective diffusion constant D is defined by
D = (K + 4u/3)/f. At the boundary of r = a, they
obtained D, = 2D/3, and

00

uat) =AY B, e @Pait @)

n=

where Bn, = AnJi(gna). For a large disk gel a similar
solution is obtained with D, = D/3 at the boundary.

B. Basic equations of This Theory. To include
the solvent motion, eq 1 can be revised as follows,

ou_ow 1
ot ot fC ®
where aw/at is the velocity of the solvent. Equation 3
remains valid.
The continuity requirement is given by the equation

(1—¢)V( )+¢>V( i) =0 ©)

where ¢ is the fractional volume of the gel network. For
small ¢, eq 9 can be simplified as

ow
Ve—=0 10
g (10)
Equations 3, 8, and 10 form a set of basic equations with
the boundary condition onormai = 0 where onormal is the
normal stress on the gel surface. The initial condition
is oik = medik Where g is the osmotic pressure of the
gel.
C. Long Cylindrical Gels. Let us first consider a
long cylindrical gel. The displacements of the network
and the solvent in such a system can be written as

u(r,t) = u(r,t)ry + u,(z,t)z, (12)

w(r,t) = w(r,t)ry + w,(z,t)z, (12)
where ro and zp are the unit vectors along the radial
and axial directions, respectively. In this case, defor-
mation at the ends of the long cylinder gel relative to
that at its side is small and neglected. The changes in
radial and axial directions are independent of each
other. Using egs 11 and 12, eq 8 can be separated into
two equations for the axial and radial directions,
respectively.

U, W, 19(9u) 1
ot *Dlm Cor | Tt (13)

du, _ow, N DazuZ
at Bt 822

(14)
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The boundary condition for the long cylinder can be

3

where R = u/(K + 4u/3) is the ratio of the shear modulus
to the longitudinal modulus. The restraint condition
given in eq 3 produces the isotropic identity for the long
cylinder,4

ou, (
5 T 2R)

=0 (15)

r=a

u,(z,t) u(at
[(z1) _ufab 16
z a
Combining eq 16 and the boundary condition of eq 15,
we obtain

ou, r( 1)
Sl _F21-2R)

=0 (17)

Substituting eq 16 into eq 14, we obtain

w, zau(at)
9t a ot

(18)

Substituting eq 18 into eq 10 gives the differential
equation for ow,/ot. We have solved this equation with
natural boundary condition ow,/dt|.—o = O,

ow, r au(a,t)

r_

ot 2a ot

(19)

It is clear from eqgs 16, 18, and 19 that the solvent
velocity aw,/ot, ow,/ot and the axial displacement of the
network u, are all related to the radial displacement of
the network u,. Let us now derive the analytical
solution of u,. Substituting eq 19 into eq 13,

u, r oufat) 1o 0u) 1 |_
ot 2a ot Drarrar 2 =0 (20)

The solutions of eq 20 are the Bessel functions of the
first order. So u, can be written as

00

u(rt)=A

n=

Tr(0) J1(anr) (21)

Here u(r, t) is normalized to u/(a,0) = A. Let us also
expand aw, /ot in Bessel functions of the first order,

ow(r,t) o
it A ) Fa(03:(00) (22)

Substituting eqs 21 and 22 to eq 13 and separating the
variables t and r, we have

Ta® —F(®
Tor an (23)

One can solve eq 23 and obtain
T ()= [An + [oF(x)eP% olx]e*Dq%t (24)

where gn(=an/a) are determined by the boundary condi-
tion (eq 15), which can be rewritten as
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(ano((ln)
J1(0'n)

Substituting eq 24 to eq 21, we get

—4R+1=0 (25)

u,(r,t) = AZ[An + j:Fn(x)eDQ%X dx]e_Dq'z‘t.Jl(an)
(26)
The initial condition for the long cylinder turns out to

be u(r,0) = r/a. Using this initial condition in eq 26
gives

b r
Andi(@a) = 27)

n=

Using the orthogonality relations of Bessel functions,
the coefficients A, can be determined,

_ 2(3 — 4R) 1
o — (4R — 1)(3 — 4R) Ji(a)

(28)

n
Substituting eq 27 for r/a in eq 19, then comparing it
with eq 22, one can obtain the following,

A, du (a,t)
2A ot

Fa(t) = — (29)

Inserting eq 29 to eq 26,

u(rit)=>»% A,

n=

A 1ftaur(air)
270 &

gDaf dr] e P9I (q,1)
(30)
Letr =ain eq 30,

uay ="y B,

n=

A 1ft8ur(a,r)
270 ot

gPaAr olr]e‘Dq%t (31)

where B, = A, J1(an). From egs 16, 18, 19, and 30, one
can see that motions of both network and solvent have
been separately solved along the radial and the axial
directions. These solutions are explicitly expressed as
a function of u,(a,t). In the space distribution, the speed
of solvent motion is proportional to —r/2a along the
radial direction and z/a along the axial direction. The
magnitude of the speed decreases to zero gradually with
the increase of time.

Several special cases are given below. Fort << 1;
(1/r1 = Dq1?), u(r,t) = exp(DQ?t/3)l,, where Q2 = 3 Biq;?
and Uy = A An exp(—Dgn?t) Ji(gnr). Fort >> 74, ug(r,t)
O exp[—2Dq:?t/(2 + B1)]3a(aar).

As the bulk modulus K approaches zero, we have

u(r,t) = Aze” @O (32)

which is identical to eq 29 in L—T'’s paper'# and valid
for any t. Previous solutions for two special cases of t
<< r;andt >> 7; consistently reduce to the same form
of eq 32 by using the relations B; = 1, B =0, and A; =
Ofori>1asK—0.

D. Comparison with L—T’s Results. To compare
the current results with previous work by L—T, we
rewrite eq 13 as
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au, aw, /ot 19/ 0u) 1
E(l B aurlat) = Dlm “ar) Tt G

Using eq 16 and eq 19, the A parameter defined by L—T
(eq 6) can be written as

ol -
) =—\5)\5 (34)
Combining eq 33 and eq 34, we have

ou, _ D |10 ou, u,

ot 1+arar\or] 2 (39)

where the apparent diffusion coefficient is reduced by
a factor 1/(1 + 1) = (au/ot)/(d(ur — wy)/ot). This equation
is similar to eq 10 in L—T's paper.1* Since the motion
of the solvent is in the opposite direction of du,/at, the
relative speed and displacement of network are, i.e.,
decreased by a factor (1 + 1) over that expected by pure
diffusion theory. Compared with the results of pure
diffusion theory, the friction force increases and the
relaxation process slows down accordingly.

Equation 13 is the Bessel equation with a free term.
This free term can be expanded into a Bessel series. Let
us write the solution for eq 35 in the form!* of eq 4.
Comparing egs 4 and 30, we find that D, is only a
function of time t. Substituting u(r,t) into eq 35 and
comparing the coefficients of Bessel functions of the
equation in the approximation that 1 is independent of
r, we obtain eq 5, which was derived by Li—Tanaka
through a two-process approach using the same ap-
proximation. At K =0, 1 is ¥/, and independent of r, so
D. = 2D/3 from eq 5. This is in agreement with eq 32.

The difference of Do/D between L—T’s theory and the
present theory is given in the following.

D./D (L—T's) D./D (present)
sphere 1 1
cylinder 2/3 2/(2+ B,)
disk 1/3 1/(1 + 2B,)

where B; is related to the ratio of the shear modulus
and longitudinal modulus. B; = A;Ji(as) for a long
cylindrical gel, and B; = A; sin a; for a large disk gel,
which will be discussed in detail in the Appendix. The
differences between the L—T results and ours could be
revealed by more accurate swelling kinetic measure-
ments using a large cylindrical gel due to its very slow
kinetics. It is noted that the values of D¢/D in the
present theory can be used not only at the boundary
but also in the interior of the gel and are valid for t >>
71, which corresponds to a single-exponential relaxation
in swelling and shrinking processes. When the bulk
modulus approaches zero, B; = 1; the values of Ds/D
obtained from the present theory are the same as ones
obtained from L—T’s theory.

In Onuki’s calculation,!® he obtained the stress-free
boundary condition at r = a as

an‘JO(an) _
‘]l(an) B

(epte)
(2ep+¢)

(36)

The volume change V-u can be expressed as
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© (ln anr
A—Jo|— e (37)
= a a

V-u =

As K approaches infinity, Jo(otn) = 0. Therefore, V-u =
Oatr =a.

From L—T's theory, V-u|=a = —A(/D)} (An/tn) exp-
(—Degn?t)J1(gna)(dDe/ar), for K — o, and dD¢/or = 0
because D. is independent of r. Therefore, V-u = 0 for
K — o at r = a, in agreement with Onuki’s result.

From the present theory, we used the same equation
(eq 25) as L—T's for the boundary condition to determine
eigenvalues a,. The volume change can be expressed
as

r

r\ &, Jl(ang) Jl(an)
Vu=AS T .J'l(an;); + | @9

r

From the relation between Bessel functions, J'i(x) =
Jo(x)—J1(x)/x, we obtain

n(t)
Veu = Az

As K — o, ando(an) = —J1(an). Therefore, V-.u = 0 for K
— o at r = a, in agreement with Onuki’s result.

E. Velocity Field of Solvent. One of the major
results from this generalized gel diffusion model is the
motion of the solvent, as expressed by eq 18 and eq 19.
Here we demonstrate that the radial and axial compo-
nents of solvent motion can be derived from the volume
conservation and isotropic swelling conditions. Let us
first consider the radial component. According to
volume conservation, the volume change (6V) during a
period of time (6t) for a gel cylinder (with radius r and
length 2l at time t) is related with the solvent velocity
relative to gel network (v) and the side area (S) by the
expression 6V = vSdét where 0V = ar2(21)(26r/r + 6l/),
Vv = ow,/at — du/ot, S = 2xr(2l), or = —du(r,t), and ol =
—0uy(l,t). Note that we have neglected the end effect.
Combining the isotropic swelling condition eq 18, oI/l
= —du(a,t)/a and the equation 6V = vSdt, we obtain eq
19. The axial component of the solvent motion (eq 18)
can be directly obtained through V-(dw/dt) = 0. There-
fore, the solvent motion can be independently derived
from L—T's isotropic condition and continuity condition
without using the coupled collective diffusion equations.

Let us now discuss the solvent velocity field. Rewrite
eqs 18 and 19 as

(39)

r
(an_) + Jl(an)
a,

ow,(z,t)

-2
=t (40)

ow(rt)

r
pe 5al® (41)
where f(t) is du.(a, t)/at, which decreases to zero as the
time approaches infinity. Figure 1 shows the solvent
motion pattern according to egs 40 and 41. The solvent
always moves toward the inside along the radial direc-
tion and toward the ends along the axial directions. Due
to the solvent motion, the relative velocity between the
network and the solvent is (1 + A)du,/dt in the radial
direction but zero in the axial direction. In L—T's
approach, the zero relative motion in the axial direction
is built in based on the two-step process.
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Figure 1. Solvent motion pattern for a long cylindrical gel
in its swelling process. The drawing is scaled according to eqs
40 and 41.
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Figure 2. Typical curves for long cylindrical gel swelling. The
displacement u(r,t) is drawn as a function of time t. The curves
are corresponding to r/a = 0.1, 0.5, 0.8, 1 from the bottom to
the top.
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Figure 3. Typical curves for long cylindrical gel swelling. The
displacement u.(r,t) is drawn as a function of radius r. The
curves are corresponding to t/(a?%/Da?) = 0, 0.1, 0.5, 1, 2 from
the top to the bottom.

The swelling process is controlled by elasticity and
friction. The elastic force makes the whole gel network
swell until the stress tensor disappears everywhere
inside the gel. The friction force dissipates the elastic
energy and slows down the swelling process. The
collective diffusion coefficient D, which is proportional
to the longitudinal elastic modulus (K + 4u/3) and
inversely proportional to the friction coefficient f, de-
termines the swelling process. Taking the solvent
motion into consideration, the apparent collective dif-
fusion coefficient D is less than D by a factor of 1/(1 +
A). Therefore, the whole swelling process is slower in
the radial direction than it is expected based on the pure
diffusion theory.

A numerical solution of eq 30 has been obtained.
Figure 2 shows the normalized swelling displacement
u/A versus normalized time t/(a®/Da?). The network
motion is coupled with solvent motion, resulting in
isotropic gel swelling. Correspondingly, the time de-
pendence of u, cannot be described by exponential forms.
The swelling ratio as a function of radial distance r/a is
shown in Figure 3. From the figure, one can see that
the swelling behavior is obtained not only at the
boundary (r = a) but also inside the gel (r < a). The
previous work has only yielded the solutions at the
boundary.14-16

A similar derivation on a large disk gel is given in
the Appendix. The major results are given below. The
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Figure 4. Solvent motion pattern for a large disk gel in its
swelling process. The drawing is scaled according to eqs A6
and A7.
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Figure 5. Typical swelling curves for a large disk gel. The
displacement u,(z,t) is drawn as a function of time t. The curves
are corresponding to z/a = 0.1, 0.5, 0.8, 1 from the bottom to
the top.
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Figure 6. Typical swelling curves for a large disk gel. The
U(z,t) is drawn as a function of z. The curves are corresponding
to t/(@®Da?) = 0, 0.1, 0.5, 1, 2 from the top to the bottom.

solvent motion pattern of the large disk gel is shown in
Figure 4. The swelling ratio for a large disk gel as
function of time t and axial distance z is shown in
Figures 5 and 6, respectively.

It is noted that Onuki's theory!® can lead to similar
results about the solvent motion (such as eq 19),
although detailed calculations such as the boundary
conditions and eigenfunctions employed by us and by
Onuki are different. After some approximations, our
approach is identical to Onuki’s approach. This work
has extended our understanding of hydrogel swelling
kinetics in the following areas: (a) Our work has
modified and extended L—T's theory. (b) We have
established that L—T's consideration of isotropic condi-
tion and the continuity condition are equivalent to
considering the motion of the solvent for long cylindrical
and large disk gels. (c) We have obtained detailed flow
diagrams of the solvent in the gel network for long
cylindrical gels and large disk gels. These diagrams can
be experimentally tested.

I11. Conclusion

In this work, we have modified and extended Li and
Tanaka'’s calculations by including the motions of both
the solvent and the gel network. Using the new
swelling equations, we have calculated the solvent
velocity field and studied the swelling process of the
network for a long cylindrical and a large disk gel. The
motion patterns of solvent have been obtained. The
results for network kinetics are obtained without using
L—T's two processes approach. We have found that the
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swelling process is slower than expected based on the
pure diffusion theory. From analytical solutions of our
generalized gel swelling equations, we obtain the gel
swelling behavior not only at the surface but also in the
interior of gels. The analysis presented here could be
used for many applications where nonspherical gels are
used.
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Appendix. Swelling Kinetics of Large Disk Gels

A similar analysis can be also applied to a large disk
gel. The basic equations are

u _ ow
E = E + DV u (Al)

ow
V- el =0 (A2)

u.(r,t u,(a,t
(1D _uat 3
r a

where u,(z, t) is normalized to u,(a,0) = A and a is the

half thickness of the disk. The boundary condition is

8uIr
+ a- 2R) = 0 (A4)
ar
And the initial condition is
u,(z,0) = j:guz(:l: a,0) (A5)

Assuming that solvent movements in r and z directions
are independent, we have

ow(r,t) poau,(at)
at  a ot (A6)
w,(z,t) 7 au,(a,t)
ot la ot (A7)
r

u (rt) = u () (A8)

o Iu,(a,7) ,
uzt)= YA|A-2 LT eP9 dr|e P9t sin(q,2)

e

(A9)

Here, u,(a,t) satisfies

ou Sar
u(at) = ZA —2fl—— Dqﬁ’ dr]qu%‘ sin(o,)
(Al10)
The eigenvalues o, are determined by
1,1
R= > + 2%n .C cot(a,,) (Al1)
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The coefficients A, are given by initial condition,

4 Sin o, — o, CoS a,,
"o, 20, — s sin(2a,)

(A12)
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